Introduction
We consider a problem posed by Garsia [3] which deals with q-counting permutations with a fixed cycle structure. In [3] , a remarkably simple expression for the major index polynomial evaluated at the primitive nth root of unity is derived as a consequence of a result on idempotents for the free Lie algebra. Garsia asks for a direct combinatorial derivation of this identity. In this paper we give such a derivation based on a beautiful combinatorial construction of Gessel [5] . Gessel's construction illuminates the structure of certain subclasses of the class of permutations with a fixed cycle type.
For any partition of n, A t n, let C, be the conjugacy class of permutations in the symmetric group Sp,, whose cycle structure is A, i.e., permutations whose cycle lengths form the partition A. Define Ai to be the polynomial, A,(q) = c q""""',
OCC,
where maj denotes the major index statistic. That is, for a permutation o = 01, a,, . . . ) a,, set maj(a) = C. rsdes(o) i, where des(a) denotes the descent set of a, {i 1 q > u~+~}. Let o,, be a primitive nth root of unity. We shall give where p is the classical Mobius function. Note that this says that Ai is equal, mod the cyclotomic polynomial, to the constant on the right-hand side of (1.1). In Section 2 we review Gessel's construction.
In Section 3 we derive results on the major index polynomial for certain subclasses of C, called product classes. In Section 4 we use the formulas of Section 3 to derive (1.1). Section 5 deals with descent set preserving bijections on product classes.
Gessel's necklaces
Gessel, in an unpublished work [5], has developed a construction which enables him to derive generating functions for counting permutations by descents, major index and cycle structure (see [4] ). This construction is also a useful tool in studying derangements (cf. [4] and [2] ). H ere, it shall provide the framework for a combinatorial explanation of (1.1). It is closely related to Stanley's theory of P-partitions [7] . We now present Gessel's construction.
A necklace is defined to be a primitive circular word on the set of nonnegative integers, i.e., an equivalence class under cyclic rotation of a word ala2 . . . ak which is not a concatenation of several copies of a shorter word. The length of a necklace c is the length of the word and the weight ICI of a necklace c is the sum of its letters. An ornament of order n is a multiset of necklaces whose lengths sum to n. The type A(f) of an ornament f is the partition of n formed by the lengths of its necklaces. The weight IfI of an ornament f is the sum of the weights of its necklaces.
We The total ordering of the positions is 1 < 4 < 6 < 2 < 8 < 10 < 5 < 7 < 3 < 9. Hence position 1 is assigned 1, position 4 is assigned 2, position 6 is assigned 3, etc. The resulting permutation in cycle form is (1,4,9) (2,7) (3, Note that the inverse of the bijection is simply the map that takes (a, s) to the ornament obtained by writing o in cycle form and then replacing the integer k by the kth element of s.
From the theory of P-partitions [7] , we have the following proposition. Proof. There is a natural bijection QI : D, + D,, which is obtained as follows. Let ~=(s~~s~~-~~~~s,,)ED,.
To obtain q(s), for each j E des(o), subtract 1 from each si, i = 1, 2, . . . , j. Clearly cp is a bijection and (sl = [q(s)1 + maj(a). Let cr E & and 0 E Yin_k. We define the product class of (Y and /3, denoted P(cu, p), to be the set of all permutations in 9, which can be expressed as products of O? and /3" for some pair of complementary subsets A and B of { 1, 2, . . . , n} of cardinality k and n -k, respectively. Note that we are viewing & and p" as permutations in Yn in order to take the product. In this situation, U" . The result now follows from (2.1). 0
The next result follows inductively from Theorems 3.1 and 3.2. gives a formula that is not very clean, but is nevertheless useful for our purposes. Remark. By considering the generating function for necklaces, Gessel [4] obtains a nice formula for Ak(q), which involves the classical Mobius function. This formula will not, however, be needed in our derivation of (1.1).
The polynomials at primitive nth roots of unity
Note that when q is set equal multinomial coefficients evaluate to The formula for the major index q-polynomial for Sh(as, p') given in [6] is identical to the one given here for P(cu, /I). Hence the distribution of major index is identical for both classes of permutations. A stronger result can, in fact, be proved: The number of permutations with a given descent set is identical for both classes of permutations.
In [9] , for a a derangement and /3 the identity, a direct descent set preserving bijection cp between P(a, /I) and Sh(&, 6) is given, where a/ and & have the same length, des(cu) = des(&), and the same conditions hold for /3 and fi. It would be interesting to extend this bijection to more general (Y and /3. Here, we give a direct bijection between P(cu, p) n DJ and Sh(as, /3') rl DJ for any a, 6 with no equivalent cycles and any J c (1, 2, . . . , n -l} (D' is the set of all permutations with descent set contained in J). This can be used, via the involution principle, to construct a descent set preserving bijection between P(LY, p) and Sh(cyS, p'). LetJ={j,<j,<...<j,}c{1,2,.
. . , n-l} andlet &=acuSandfi=PT. Next, let nj,+r, . . . , nj2 be the unique increasing sequence obtained by merging the increasing sequences (r;,+i, . . . , ii;.,+i2 and fik,+i, . . . , pk,+,_, where i2 = (A n {j, + 1, ji + 2, . . . ,j2}] andk,=]Bfl{j,+l,j,+2,...,j,}]. Continuinginthis way gives Ed. Although the map q is quite easy to describe, it is not at all obvious that it is a bijection.
Gessel's construction enables us to prove that it is. A direct (not using the involution principle) descent set preserving bijection for shuffles is constructed in [l] . It would be interesting to find such a bijection for product classes, as well.
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